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ABSTRACT 

Ice formation on a water body occurs in response to a heat exchange between the water surface and the 
ambient air resulting in an upward net heat Joss from the water surface. For a river si tuation, all short periods 
of warming and cooling prior to ice formation affect this heat exchange and consequently the date of river ice 
formation. To incorporate the response of a river to these periods, numerical constants are derived from a 
relationship between daily mean air temperatures and previously observed dates of ice formation using the 
theory of a weighted mean temperature . 

• 

Two sets of curves are developed which can be used to forecast the dates of: 1) first permanent ice; and 2) 
complete freeze-over from shore to shore on the St . Marys River at Sault Ste . Marie , Michigan. By applying 
these curves, a day-to-day foreca st of the date of ice formation is provided based on expected departure­
from-normal air temperatures . 

1.lntroduction 

River ice has been widely recognized as an important deterrent 
to the extension of winter navigation in the Great Lakes-St. 
Lawrence Seaway system. Considerable research has been con­
ducted in ice forecasting, most of which has been in the ex:. ­
posed part of the lake system. where the bulk of shipping oper­
ate s. Lake navigation, however, is not only re stri cted by drift­
ing pack ke on the open lakes, and thick harbor ice , but also in 
the constricted sections of the interlake system . The 51. Marys 
River at Sault Ste. Marie, Michigan is one of these criti cal areas 
because it is closed to navigation. at times , in late fa ll to allow 
the ice to form behind the booms of the Soo Locks . 

There are three major situations in which ice becomes a prob­
lem to lock operations: 1) when cntranceways to the locks fill 
with ice which must be discharged before vessels can proceed; 
2) whc::n the ice thickness on lock walls and gates increases as 
the water level is raised and lowered with the passage of each 
vessel ; and 3) when gate operations are obstructed by noating 
ice . To mainimize some of these ice effects before winter 
close-down , air-bubbling sysCems are used in the loc ks~ heaters 
on the lock gates . and polyethylene foam is spead over the ice 
surface to accelef'dlc melting . Although these efforts to ex:.tend 
the navigation season have proved sati sfactory, more precise 
information on the time of ice formation wOlild be economically 
beneficial. The closing dates currently operative are pri marily 
due to administrative decisions made weeks in advance , and 
represent a subjective rather than a scientifi cally reliabl e 
method to forecast the time of ice formation. 

An objective approach to predict ice formation for the Soo 
Locks on the St. Marys River at Sault Ste. Marie , Mi chi gan , 
would provide better basic information necessary for skillful 
planning and decision making_. The scientific approach de­
scribed in this invcstigation is based on the hypothesis that the 
dates of first pennanent ice and complete freeze- over can be 
computed by using the theory of a wcighted -mcan air tempcr­
ature . 

The term " first permanent ice" . defines. the date on which ice 
first forms on the water surface and does not thereafter melt 
completely, until spring break-up of the following year . A small 
amount of ice first forming on a given date , but melting again 
completely a few days later does not constitute the date of fi rst 
permanent ice. The lenn " complete freeze-over", defin es the 
date on which the water body was reported to be completely 
covered ex:. cept near outlets of power or industri al plants which 
usuaJly remain ice-free al1 winter. 

Numerical constants are derived from a rela.tionship between 

mean air temperatures and previously observed dates of ice 
formation , and these constants are used to develop two sets of 
curves from which the dates of first permanent ice and complete 
freeze-over can be forecast. 

2. Review of the Literature 

A review of the literature reveals that various ice forecasting 
methods have been developed . These methods range from the 
use of freezing degree days and heat budgets of the water body , 
to very complicated empiri cal equ ations that incorporate 
numerous meteorological and hydrological parameters. 

Richards (1964) used degree days to predict ice on the Great 
Lakes. In his study, cumulative thawing degree days were used 
a,c; an index of antecedent heating prior to ice formation and 
cumulative freezing air temperatures were u,c;ed at; an index of 
winter severity. Ice cover data were obtained by aerial recon­
naissance and air temperature.s , recorded at cenain locations on 
the Great Lakes , were used to predict ice formati on. Noble 
1965) employed water temperature data to calculate the heat 
stored in Like Michigan during the winter season 1962/63 
(when the lake was totally covered by ice) and 1963/64 (when 
the lake was nearly ice-free). Although his data span an interval 
too short to allo w a n e xte ns ive inves ti gation , Noble 's 
hypothesis is that the prediction of icc could bc attempted by 
using fall lake temperatures from the deep layers in conjunction 
with cumulative degree days according to the method described 
by Richards (1964) . Shuliakovskii (1 966) also suggests the use 
of air temperaure forcasts for the cal culation of the appearance 
of ice on rivers; however , the result s of hi s mathematical ap­
proach in actual application were not developed. Poulin, Robin­
son and Witherspoon (1971 ) employed a method to calculate the 
cooling of water from Lake Ontario as it flowed down the St. 
Lawrence River between Kingston, Ontario and SoreL Quebec. 
An empirical formula. developed by (he l oint Board of En­
gineers on the St. Lawrence Waterways Project , was used to 
produce synthetic water-surface temperatures with respect to 
time and discharge. Using this method , water-surface temper­
ature computations beginning I November for the winter season 
1959/60 through 1968/69 were continued to freeze-over at 
Beauharnois , Cornwall and Montreal. Here. freeze-over was 
defined as the date on which the water-surface temperature fell 
below 32.5°F . Computed dates of freeze-over differed from the 
mean observed dates of freeze-over at these locations by stand­
ard deviations of 2.4 days, 5.3 days and 7 . 1 days, respectively. 

From the above discussi on, it is apparent that the ice forecast­
ing methods suggested by Richards (1964) and Noble (1965) 
could produce a reasonably consi stent average relationship 
based on after-the-fact data . but variations on either side of 
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such a relationship would be large. Poulin , Robinson and With­
erspoon (1971) proved that it is possible to reduce these varia­
tions from the average. However, their method . and the 
methods suggested by Shuliakovskii (1966) require a substantial 
amount of data and would prove awkward in application. A 
fundamental omission in the methods reviewed is that they do 
not consider the rapid response of a water body to short periods 
of wanning or cooling just prior to ice formation , which would 
obviously skew the final forecast. One approach to the ,problem 
presented by these short periods is based on the theory of a 
weighted mean air temperature. Such an approach incorporates 
the response of a river to rapidly changing weather conditions. 

Since Rh.de (1952) developed his theory of a weighted mean 
air' temperature, considerable progress has been made in deter­
mining the date of ice formation by utilizing air temperatures. 
This theory is logically based upon a simplified physical law of 
heat flow between a water surface and the air . Rhode used the 
formula of iterations; 

'Tn = 'Tn_,+(1 _ e- kJ1 t) (Tn -'Tn- t )I 

where T is the air temperature, T the water-surface temperature , 
t time and k- 1 is a constant with inverse dimt::nsions of time. In 
order to demonstrate that ice prediction could be .done with a 
single variable, air temperature, Rhode based his investigation 
on observations in the winter seasons 1937/38 through 1949150 
at Giilve Road, the southernmost harbor in the Gulf of Bothnia. 
Utilizing the weighted-mean air temperature fonpula, Rhode 
found that ice in this area fonned within ± 1 day of the com­
puted date in 56 percent of the years and within ± 2 days in 87 
percent of the years. 

Bilello (1961) employed the theory of a weighted-mean air 
temperature and the associated empirical formula developed 
by Rhode (1952) for the prediction of sea- ice formation in the 
Canadian Arctic Archipelago. He found that except in two 
years, this method yielded freeze-over dates within :t: 3 days 
of the observed dates. In a later report, Bilello (1964a) de­
veloped ice prediction curves for both first permanent ice and 
complete freeze-over for one bay, ten lakes and seventeen 
river locations through tout Canada, by employing the same 
method . In an abridged version of this report, Bilello (l964b) 
reported on the Mackenzie River at Fort Good Hope , Canada. 
From observations of the winter seasons 1941 /42 through 
1957/58, two sets of curves were developed which were used 
to forecast the dates of first permanent ice and complete 
freeze-over from shore to shore. Computed dates of both first 
permanent ice and complete freeze-over were within :t: 3 days 
of the observed dates. 

Using the computational procedure outlined by Bilello , Wil­
liams (1965) produced synthetic water-surface temperatures 
from daily mean air temperatures for McKay Lake , a small, 
sheltered lake in Ottawa, Canada. From observations of the 
winter seasons 1959/60 through 1963/64, Williams predicted 
dates of freeze-over that were correct within :t: 3 days, of the 
observed dates, similar to that obtained by Bilel1o . 

The results of these various investigations indicate that the 
theory of a weighted-mean air temperature dev eloped by 
Rhode (1952) is the best method to obtain reliable estimates 
on the dates of ice formation . 

3. Development of the Ice Forecast Procedure 

In this study, the theory of a weighted mean temperature and 
the associated empirical formula as developed by Rhode (1952) 
is applied to the St. Marys River at Sault Ste. Marie, Michigan . 
The data span cleven years and include the winter season 
1962/63 through 1973174 except for 1965/66, when ice data 
were not observed. 

I The full mathematical derivation of the theory is presented in the 
26 Appendix . 

MICHIGAN 

" , 
FIG. 1. The Saint Marys River. 

November J 977 

CANADA 

lAKI! HlROH 

The St. Marys River (Figure 1) originates in Whitefish Bay, the 
easternmost part of Lake Superior, and flo ws southeastward be­
tween Michigan and Ontario and into northern Lake Huron . At 
the site under inv est igation , the river is approximately 
3-kilometers wide, has a mean depth of approximately 7 met­
ers, and an average annual discharge of 2,250 cubic meters per 
second. Observations of daily mean air temperatures during the 
eleven years studied were recorded by the National Weather 
Service office at Sault Ste. Marie Municipal Airport, which is 
approximately 2.5-kilometers south and inland from the St. 
Marys River. The dates of first penn anent ice and complete 
freeze-over in the stretch between the Soo Locks and the head­
waters at Gros Cap in these years were published by the Cana­
dian Meteorological Service (1971). 

Rhode 's formula provides a method by which the_ date of ice 
formation can be computed by using past air temperatures. The 
procedure is to determine the value of k- 1 in the expression 
1 _ e- kAt by trial-and-error. The condition which must be met 

is a coordination of the date of ice formation with the k- I solu­
tion of the equation received when lh = 0 and 7=0. By as­
sociating the time when the air temperature sequence reduces to 
the freezing point with the date of ice formation, the best fitting 
"{3" function is determined. If, for example, k- 1 = 0.051 is 
the solution to the equation , it can be shown that e- kAt = 
- 0.051,6.1 = 0.950 were .6.t = I . It follows that 1 - e- kJ1t = 
0.050, and this value (0.050) is termed the {3 function. The 
primary purpose of the {3 function is to permit a means of re­
producing a daily account of the heat budget of the water body 
as derived from air temperatures. 

According to the theory of a weighted mean temperature , if the 
initial time is chosen as a point far enough in the past , the 
water-surface temperature essentially becomes equal to the 
weighted mean of all past air temperatures . The initial value 
used in this study is the mean ai r temperature for the month of 
June. In the computational procedure, this initial value is sub­
trac,ted from the daily mean air temperature for I July . This 
val~e is then multiplied by the {3 function and this weighted 
correction is added to the initial value. This weighted mean 
temperature is subtracted from the daily mean air temperature 
for "2 July. This va~ue is again multiplied by the {3 function and 
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TABLE I 

Daily Tabulation of Weighted Mean Temperature Computations 

A 8 C 

Dltily Mean 
Date Air Temp (OC) (F - I D.y) 

July I 17.2 14.92 
July 2 17.5 15.04 
July 3 18.9 15 . 16 
July 4 18.3 15.35 
July 5 2~.6 15.50 
July 6 20.3 15 .76 
July 7 23.6 15.99 
July 8 17.2 16.37 
July 9 13.6 16.41 
July 10 15.0 16.27 
July II 17 .8 16.21 
July 12 15.3 16.29 
July 13 16.9 16.24 
July 14 13. 1 16.27 
July 15 15 .6 16. 11 

this weighted correction is added to the previously computed 
weighted mean temperature. and the procedure is repeated. The 
job is repetitious and consequently ideal for computer applica­
tion. Given k- 1 = 0.051 and at = I, the equation provides a 
daily tabUlation of weighted mean temperature computations as 
shown in Table 1 It should be noted that B, C, D , E and Fare 
the equavalents of Tn, Tn-I, Tn -Tn_I. (1 _ e- k .1t) (Tn -Tn_l) 
and Tn.respectively. 

These computations are continued to the dates of first perma­
nent ice and complete freeze-over, thus incorporating che re­
sponse of a river to all short periods of warming or cooling 
prior to ice formation. If on thc date of first permanent icc. or 
complete freeze-over , the weighted mean temperature in Col· 
umn F is less than or eQuaJ to ODe, the (3 function for that winter 
season is the one which is required according 10 Ihe thermal 
(.~haracteristics existing in the data. If, however. the' weighted 
mean temperature in Column F is a positive value on the ob­
served dace of either first permanent iee or complete freeze­
over. then the computer program, as designed , wiH select a 
lower value for the {3 function to alter the rate· of change unti l 
the weighted mean temperature in Column F becomes less than 
or equal to aoc. In this study, a {3 function was computed for 
seven randomly selected winter seasons at Sault Ste. Marie, 
Michigan. Once a {3 function has been established for each 
winter season, the f3 functions are averaged to detenninc a fina l 

D E F 
Weighted Mean 

Temp (OC) 
(8 - C) (D X 0.050) (C + E) 

Mean For Month of June 14.92 
2.28 .11 15.04 
2.46 .12 15.16 
3.74 .19 15.35 
2.95 .15 15.50 
5.10 .26 15.76 
4.54 .23 15.99 
7.61 .38 16.37 

.38 .04 16.41 
-2.81 - .14 16.27 
-1.27 -.06 16.21 

1.59 .08 16.29 
- .99 - .05 16.24 

.66 .03 16.27 
-3 . 17 -. 16 16. 11 
- .51 -.03 16.09 

f3 function for first pennanenl h.:e and complete freeze-over. 
Table 2 shows the winter seasons used to compute {3, the ob­
served dates of first permanent ice and complete freeze-over 
and the average {3 function obtained in each case. 

Quite different thermaJ implications are provided by the f3 func­
tions in each winter season. If. for instance. a short period of 
warming occurs just prior to ice formation. the value of the f3 
function will be smaller than if a short period of cooling had 
occurred. Figure 2 shows three air temperature curves begin­
ning I D November to first permanent iee for the winter season 
1962/63: I) normal (ba>cd on the inlerval 1941-1970),2) daily 
mean and 3) weighted mean. The course of weighted mean 
temperatures parallels that of the daily mean temperatures, ex­
cept for all short periods of warming and cooling prior to first 
penmment ice. It is interesting [0 note that the course of below 
freezing temperatures occurring after 5 December rewlted in 
first permanent ice on II December rdther than the mean date. 
15 December, based on the cleven winter seasons used in this 
stUdy. The 3D-year nonnal temperature curve appears far below 
aoc prior to first permanent ice since it does not incorporate any 
influence of earlier warmer temperatures. 

By applying the average !3 functions and utilizing daily normals 
of temperature (1941-1970) at Sault Ste. Marie, Mi.;;higan, ice 
forecast curves can be developed for first permanent ice (f3 

------------------------------
TABLE 2 

fj Fum.: tions For Sault Ste. Marie 

First Complete 
Winter Permanent lee Freeze-Over 
Season Observed Dale {3 Observed Date f3 

1962/63 II December 0 .050 13 January 0.016 
1963/64 II December 0 .063 13 January 0.017 
1967/68 24 December 0 .027 23 January 0.012 
1968/69 29 December 0 .020 06 February 0.011 
1970171 a6 December (UIS7 31 January 0.012 
1971172 04 January 0.020 23 January 0.014 
1973174 06 December 0.020 30 January 0.012 

Average O.OJ7 Average 0.013 
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FIG . 2. Comparison of nonnal, daily meaned and weighted mean temperature curves at Sault S(e. Marie during the winter season 
1962/63 . 
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FIG.4. Complete freeze-over forecast curves. 

0.037) and complete fre·eze-over (f3 = 0.(13). A series of 
curves were constructed for first permanent ice and complete 
freeze-over using the date of the weighted mean temperature 
along the x-axis and the number of days after 30 June that the 
weighted mean temperature reduced to O°C or less along the 
y-axis. Smooth curves were drawn between the points of equal 
weighted mean temperature values to provide the required fore­
cast curves. A series of forecast curves are essential since 
weighted mean temperature values may vary from aoc to ISoC 
and above, depending on how far in advance an ice forecast is 
desired. The curves for both first permanent ice and complete 
freeze-over at Sault Ste. Marie, Michigan, appear in Figure 3 
and Figure 4, respectively. 

As an example in the use of ibis method [or the forecast of first 
permanent ice: if the weighted mean temperature at Sault Stc. 
Marie on 22 November is 4.72°C then first permanent icc, 
based on normal temperatures, is forecast for 12 December as 
shown in Figure 3. However, if on 22 November the daily air 
temperatures for the next two week's are expected to average 
S.IO°C below normal then, using the computation described in 
Table 1, the forecast of first permanent ice becomes 5 De­
cember as shown in Table 3. 

4_ Results 

To test the adequacy of this method in actual application, the 
final f3 functions obtained for first permanent icc and complete 
freeze-over were used to hindcast river icc formation at the site 

under investigation during the 1964/65, 1966/67, 1969/70 and 
1972/73 winter seasons. Using average departure-from-normal 
air temperatures with the computational procedure described in 
the previous example, forecasts were made beginning four 
weeks, three weeks, two weeks and one week prior to first per­
manent ice and complete freeze-over during the four winter sea­
sons. 

A comparison of the observed and computed dates of first per­
manent ice and complete freeze-over at Sault Ste. Marie appear 
in Table 4 and Table 5, respectively. The results for first per­
manent ice indicate that the computed dates generally occur 
within ± 3 days of the observed dates. On the average. the 
computed dates of first permanent ice occur within ± 1 day of 
the observed date. However, the results for complete freeze­
over indicate that the computed dates infrequently occur within 
± 3 days of the observed dates. It is interesting to note that, on 
the average, the computed dates of complete freeze-over occur 
10 days after the observed date. 

The computed dates of river ice formation having discrepancies 
larger than ± 3 days from the observed dates can be attributed 
to two major factors. First, the association of air temperature 
with ice formation limits the method to themal processes only. 
The sensitivity of a water surface to variable wind conditions is 
one reason why observed dates of ice formation tluctuate within 
rather wide limits. The optimum condition for iee formation on 
a water surface is the presence of a weak wind, for an ice sheet 
may break up as a result of waves and currents produced by a 
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TABLE 3 
Forecast of First Penn anent Ice 

Using Departure-from-Nonnal Air Temperatures 

A B B' C D E F 
5. 101)C Below Weighted Mean 

Daily Normal Daily Normal Temp e C) 
Date· Air Temp eCl Air Temp (F - I Day) (B' - C) (D x 0 .037) (C + E) 

November 23 -1.70 - 6.80 
November 24 -1.70 - 6.80 
November 25 -2.20 -7 .30 
November 26 -2.20 - 7.30 
November 27 -2.80 - 7.90 
November 28 -2.80 -7.90 
November 29 - 3.30 - 8. 40 
November 30 - 3.30 - 8.40 
December I -3.30 -8.40 
December 2 -3.90 -9.00 
December 3 -3.90 - 9.00 
December 4 -4.40 -9 .50 
December 5 -4.40 -9.50 

strong wind . However, ~trong nonhwest winds. characteri~tic 
of the winter season climate of the Sault Sfe. Marie area, may 
push colder surface water from Whitefish Bay and eastern Lake 
Superior into the St. Marys River. The method of predicting 
river ice formation does noC consider wind , and this advection 
of cold surface water may account for the fact that, on the aver­
age , the computed dates of complete freeze-over occur 10 days 
subsequent to the observed date. Second , an accumulation of 
snow cover on an initial icc sheet will depre~ the underlying 
ice , causing cracks and crevasses. To maintain a hydrostatic 
balance, water flows through the cracks in the ice, saturating 
the lowest layer of snow. Water may also saturate the entire 
snow layer. either through precipitation or by mehing of the 
snow cover during a short period of warming . When the snow 
layer becomes super-saturated from surface melting, excess 
water percolates downward to the ice surface where a sub­
sequent cooling may freeze the slob snow. causing a layer of 
snow-ice or white ice . This type of ice formation can occur 
several times during a winter season. thus producing highly var­
iable ice coverage. The presence of while ice might be directly 
responsible for incorrect e~timates of the dates of complete 
freeze-over on the St. Marys River between the SOD Locks and 
Gros Cap. Erroneous freeze-over dates are not uncommon in 
observer records. and such a misjudgement would obviously 
lead to an erroneous f3 function. Bilello (1964a) questioned an 
ob~ervation recorded al Quebec on the St. Lawrence River, and 
found an error of approximately four weeks! 

November 22 Weighted Mean Temperature == 4.72 

4.72 -11.52 -.42 4.29 
4.29 -11.09 -.41 3.88 
3.88 -11.18 -.41 3.47 
3.47 - 10.77 - .40 3.07 
3.07 - 10 .97 - .41 2.67 
2.67 -10.57 - .39 2.27 
2.27 -10.67 -.39 1.88 
1.88 -10. 28 -. 38 1.50 
1.50 - 9.90 - .37 I. 13 
1.13 -10. I3 -.37 .76 
.76 9.76 -.36 .4() 
.40 9.90 37 .03 
.03 9.53 35 -.32 

5. Conclusion 

From the results of thi s stUdy, it appears that useful forecasts of 
river ice formation , computed objectively form past air temper­
atures, are practicable and can be done with a single variable. 
Although this method appears climatological, it differs form the 
standard approach in that a continually ,changing point of refer­
ence is provided. based on expected departure- from-normal air 
temperatures . If an accurate prediction of air temperature could 
be mHde thirty days in advance , Ihen thi s method could be used 
as a long range tool. However, the greatest success is inlended 
for ex tended range forecasts. 
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TABLE 4 

Winter Seasun 

1964/65 
1966167 
1969170 
1972173 

Average 

30 

Comparison of Observed and Computed Dates of 
First. Pennanent Ice at Sault Ste. Marie 

- .. -,-.-- ~ 

Observed Date Computed Dates 
4 \Vcek Fcst. 3 Week Fest. 2 Week Fl.:st. 

06 December 06 December 03 December 05 December 
20 December 16 December 13 December 16 December 
15 December 13 December 14 December 16 December 
03 December 11 December \0 December 12 Deccmber 

11 December II December 10 December 12 December 

I Week Fest. 

05 December 
16 December 
15 December 
10 December 

11 December 
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TABLES 
Comparison of Observed and Computed Dates of 

Complete Freeze-Over at Sault Ste. Marie 

Winter Season Observed Date 
4 Week Fest. 

1964/65 13 January 28 January 
1966/67 19 January 22 January 
1969170 10 January 19 January 
1972173 14 January 29 January 

Average 14 January 24 January 
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APPENDIX 
As developed by Rhode (1952), the theory of a weighted·mean 
air temperature is based upon Newton's law of cooling. This 
law states that the rate of heat loss from a water body is propor­
tional to the difference between the temperature of the body and 
that of the ambient medium. Applying this law to the heat traos-

Computed Dates 
3 Week Fest. 2 Week Fest. 1 Week Fest. 

30 January 
24 January 
18 January 
26 January 

24 January 

29 January 
22 January 
21 January 
23 January 

24 January 

23 January 
22 January 
19 January 
23 January 

22 January 

fer between the atmospheric boundary layer and a water body, 
we represent the rate of upward heat transfer (q) by the formula; 

q - - a(T -7) (I) 

where T is the air temperature, T is the water-surface temper­
ature and a is constant. Assuming this heat is transferrcd from a 
subsurface layer of depth h and the mean temperature of the 
layer is lowered y times as much as the surface tempcrature 
(O<y< 1), we derive the relation: 

q ~ - cyh pST! at (2) 

where c is the specific heat of water, p is the dem>ity of water 
and t is time. 

Combining equations (1) and (2 we receive: 

aT 1 at ~ k (T - .) (3 ) 

where k = a Icy h pand will be treated as a constant with the 
inverse dimension of time. In order to solve this linear differ­
ential equation of the first order, wc multiply by ekt: 

(4) 

Integrating from an initial time to to some specified later time 
tn, we obtain: 

ilL kt Jt k Tne "-Toe 0= tnTo(e t) 

" (5) 

whereTo e
kto 

is a constant specified by the lower boundary con­
ditions of integration. 

We may divide the period between to and tn into equal intervals 
so that tl - to = t~ - tl = t3 - t2 = = tn - t n - I = ilt. The 
intevals are chosen in this manner to permit a substitution of the 
air temperature by its mean value. Letting T" represent the 
mean during the interval from t,,_1 to tv' we obtain: 

kt kt n f' Tn e n - To e 0 =2 T I' o(e kt ) (6) 
v=-l Ip I 

and solving for Tn becomes: 

Tn =7
u 

e-kftn-to) + (1 _e-kl) 1 T" e -k([n- I
p ). 

,,=1 (7) 

Writing: 

(I _e-k <1t) = [1 _ e-k(tn-tol] [1 + e-k(tn-tn_l l . 

+e -kltn-tt)r 1 (8 ) 

wc obtain: 
(9) 

where: 

(10) 
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is the weighted mean of air temperatures during the period to to 
tn . The further in the past an air temperature is read into the 
equation, the less is its weight by the coefficient k- ' . It follows. 
that as the"period from to to tn is increased, the influence of the 
condition To is decreased . Therefore, if the initial time is chosen 
as a point far enough in the past, the lower boundary condition 
becomes unimportant. Simultaneously. the term 1 - e - kftn-t

o) 
approaches unity , and Tn becomes essentially equal to the 
weighted mean en of all past air temperatures. Originally , Twas 
defined as water· surface temperature but can now be treated as 
a function of air temperature alone. Therefore, according to 
equation (10), we may expect the formation of ice on a water 
surface when: 

gn=[1 ~ e-k.1t] [1 - C - (T1+Dk.1t]-l. [Tn + TII _ 1 e - k.1c+ ... 
+ T! e - (n-J)k6.t ) = 0 (I 1) 

In this equation, the formation of ice is established by the eoef· 
fieienl k- ' , and the progre~~i()n of air temperature is represented 
by the time sequenct T I , T~ , .. , Tn. 

A more operational approach to the calculation of T may be 
establi!>hed by utilizing a fOnTIula of iteration . Replacing to with 
(1'1 - 1 as the lower boundary condition in equation (7) we receive: 

Tn = T n _ 1 e- k.:l.1 + (1 - e-k .1t) TTl (12a) 

or 

(l2b) 
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