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1. INTRODUCTION

Vertical motion and sea-level pressure
tendency are important atmospheric vari­
ables, the former being related to the
distr ibution of cloudiness and precipi ta­
tion and the latter to the developmen t and
movement of weather systems. Although the
sense of the vertical motion may be appar­
ent from the weather itself and the isal­
lobar ic pattern can be analyzed routinely
from the reported sea-level pressure ten­
dencies, it is not par ticular ly useful to
diagnose either of these fields without
consideration of lar ge-scale upper air
flow which can provide the insight into
the evolution of weather patterns. It is
customary for weather forecasters to exam­
ine the 500 rob height and vorticity charts
and the 1000-500 rob thickness fields,
products which are customar ily provided by
the National Weather Service, and to
equate upward (or downward) vertical mo­
tion and falling (or rising) sea-level
pressures with regions of positive (or
negative) absolute 500 rob vorticity advec­
tion and with warm (or cold) thickness ad­
vection.

This association between upper air pat­
terns and sur face cyclone behavior is dis­
cussed hy Petterssen (2). A lucid account
of the relationship between vertical mo­
tion and sur face pressure tendency and the
configuration of highs, and lOWS, troughs
and ridges is presented by Holton (3).
Wi th the aid of simplifying assumptions,
Holton reduced the differential form of
the omega and pressure tendency equations
to simple algebraic expressions relating
the geostrophic vorticity advection and
thickness advection to the vertical mo­
tions (or sea-level pressure tendency).
The geostrophic advection terms in these
equations are sometimes referred to as
"forcing functions", although this de­
scr iption is misleading since the atmos­
phere is not being forced by its internal
dynamics. Never theless, the concept of

forcing is extremely useful since it al­
lows one to diagnose the vertical motions
and the sur face pressure changes in terms
of geostrophic advections, which are easy
to evaluate using conventional weather
char ts of geopotential heigh t, vor tici ty
and thickness. Since numerical weather
prediction models do not usually produce
useful initial vertical motion informa­
tion, this technique may serve as another
approach.

In this paper we will describe briefly a
simple one-layer quasi-geostrophic model
in Section 2 and use the derived relation­
ships in the model in Section 3 to illus­
trate a method for diagnosing the lower­
tropospheric vertical motion and sea-level
pressure tendency associated with the geo­
strophic advection of vorticity and tem­
perature. Nomograms are provided for
evaluating the vertical motion and surface
pressure tendency from conventional LFM
height, vorticity and thickness analyses.

2. THE METHOD

Let us consider the form of the quasi-geo­
strophic omega equation
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where .y is the geostrophic advecting
velocity, z the geopotential height, p the
pressure, f the Coriolis parameter (local­
ly a constant), 5 a stat ic stahi Ii ty (also
locally a constant and equal approximately
to the change in potential temperature
with pressure, - ae/ap), Rd the gas con­
stant for dry air, g the gravitational
constant, ~ the relative geostrophic vor­
ticity and '" (=dp/dt) is the vertical mo­
tion.
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where h is the 1000 to 500 mb thickness, Q
is the absolute vorticity (=~+f), and the
subscripts 0, 7, and 5 refer to the 1000,
700, 500 mb levels respectively. w-P
is considered to be representative verti­
cal motion over the 1000 and 500 mb layer,
which we assume is centered approximately
at 700 mb. Equation (2) thus represents
an averaged omega equation over the 1000
to 500 mb layer. The terms A and Bare
defined as follows,

our solution to this equation follows Hol­
ton (3) and is based on the following as­
sumptions: (a) the vertical wind shear is
constant with height between 1000 and 500
mb; (b) all height, temperature and vorti­
city patterns vary sinusoidally in x and
Yi var ies sinusoidally in x, y and p;
(c) all vertical derivatives are taken as
finite differences between 1000 and 500
mb. With these assumptions Equat ion (l)
reduces to an equation of the form

Settings DO = 300 rob , ignor ing the
surface vorticity advection (which will be
small in most cases compared to the diver­
gence term in Equation (4» and inserting
Equation (2) into (4) with the assumption
of sinusoidal variation of vorticity leads
to the equation

(5)~PtS = - lA' (-V ,vQ ) + B' (-'It, 'Vh)}
• 5 5 0

there will be a local spin down (spin up)
of the relative vorticity which, in a geo­
strophically balanced atmosphere, implies
local pressure rises (falls). Realizing
the D -awlop, in the absence of a
strong terrain influence, the vertical mo­
tion at the sur face is generally much
smaller at the sur face than that at 700 mb
in active weather situations at middle
latitudes. Consequently, rising (sinking)
motion at 700 mb corresponds to low-level
convergence (divergence) and pressure
falls (rises) at the surface. According­
ly, one can use the r esul ts of the omega
equation (2) to diagnose the sea-level
pressure tendencies.
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where at is the sea-level pressure ten­
dency and AI and B 1 are analogous to A and
B in Equation (3) except that
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where A Po is the depth of the disturb­
ance (normally 900 mb), A P5 = 500 mb, L
is the wavelength of the disturbance and
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Equations (2) and (5) express the vertical
motions and sea-level pressure tendency as
linear sums of vorticity and thickness ad­
vections. It is possible to evaluate
these advections by inspection of conven­
tional analyses provided by the National
Weather Service on the LFM facsimile
charts as follows: The advection of a
quantity q by the geostrophic wind is

whereA P3:; 300 mb and K is a conversion
between changes in pressure at sea level
(SUbscript s) and changes in height at the
corresponding 1000 rob surface; it is ap­
prOXimately 8 m (mb)-l.

(4 )
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these relationships and of the
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quasi-geostrophic
can be written as
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where An and A s are distances taken, res-

where AQ is the advection of absolute
vorticity (-V 'V(~+f)) and D is the hori­
zontal divergence (= aulax + av/ay). Thus,
when the diver gence is positive (negative)
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In Figures 1 and 2, the heavy shaded
square over the Atlantic Ocean, labelled
unit solenoid, corresponds to a unit area
of a 1" x 1" latitude (110 x 110 kiii) sole­
noid. It is convenient in evaluating the
ar ea of a solenoid to refer to a solenoid
number representing the ratio of the actu­
al solenoidal area to that of a unit sole­
noid, whose value of advection is known.
For convenience we have evaluated all co­
efficients in Equations (2) through (6)
for a unit advection solenoid. Therefore,
Equations (2) and (5) are rewritten

Vo.fume. 1 Numbvr. 4

shaded vorticity and thickness solenoids
in each figure are approximately co-loca­
ted and represent positive advection. Of
course, significant positive advection can
exist without the appearance of solenoids
because the contour intervals used in the
LFM analyses may be too large to allow a
complete four-sided figure to be formed
even when the crossing angle between geo­
strophic wind and isopleths of Q or h is
large. In such instances the geostrophic
advections can be determined by construc­
ting additional intermediate height and
vorticity (or thickness) isopleths.

(8b)
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Examples of both 500 mb vorticity advec­
tion and thickness advection solenoids
(5Q and Sh) on the LFM initial analy­
ses are shown by the shaded areas in Fig­
ur es 1 and 2. The solenoid depi cted by
the shaded area in each figure represents
one of a number of positive and negative
advection solenoids associated with the
wave cyclone over southern Canada. The

pectively, normal to and along the geo­
strophic wind vector. In Equation (7) C
(= g/f LlzAq) is a constant defined by the
contour intervals of height and q which
are, respectively, A z andAq. 5 is the
solenoidal area formed by the int'1,rsection
of adjacent pairs of height and q iso­
pleths. A discussion of the solenoid con­
cept for evaluating geostrophic advection
is given by Petterssen (2). In the case
of 500 mb absolute vorticity advection the
500 mb height contour interval (Az5) is
60 m and the interval between vorticity
isopleths (t. Q5) is 2 x 10-5s -l on
the LFM charts. SQ is the horizontal
area of the solenoids formed by height and
vorticity contours. For the thickness ad­
vection it is convenient to approximate
the 4 mb intervals of sea-level pressure
on the LFM sea-level pressure chart as 30
m intervals on an equivalent 1000 mb
height surface. Thus, for thickness ad-
vection, the height contour interval
(Az o ) is 30 m and the thickness contour
interval (Ah) is 60 m. Sh is the area
of the solenoid formed by height and
thickness contours.

where nl and n2, respectively, are the
solenoid numbers (the ratio of observed
solenoidal area to the unit solenoidal
area) for the 500 mb vorticity advections

Figure 2. LFM initial analyses of the
sea-level pressure (solid lines labelled
in mb above 1000) and 1000-500 mb thick­
ness contours (dashed lines labelled in dm
above 500) for 1200 GMT, 10 November 1981.
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Figure 1. LFM initial analyses of the 500
mb geopotential height contours (solid
lines labelled in dm above 500) and abso­
lute vorticity isopleths (dashed lines la­
belled in 10-5s -1.) for 1200 GMT, 10
November 1981. The shaded area east of
the surface low over southern Canada cor­
responds to a positive advection sole­
noid. The arrowhead pointing to the open
circle adjacent to the solenoid is the lo­
cation of the calculation referred to in
the text.

LFM 500 mb
INITIAL ANALYSIS
I200GMT IONOYI9ijl
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and the 1000-500 mb thickness advections;
C1 C2' Cl' and C2' are pseudo con­
stants (the analogs of A, B, A' and B'; in
Equations (2) and (5», which depend prin­
cipally on wavelength, stability and lati­
tude. For given values of the constants
the vertical motion and sea-level pressure
tendency equal sums of weighted inverse
solenoid numbers for vorticity and thermal
advections.

LR is fixed. For fixed values of A Po
and latitude, the variation between LR
and 5 is shown in Figure 8. At a given
latitude LR is governed primarily by
variations in static stability if the
depth of the disturbance is a large frac­
tion of 1000 mb. Although one could meas­
ure the large scale value of the 1000 to

Inspection of Figures 1 and 2 reveals
strong advection patterns for both vorti­
city and thickness. Pressure falls and
rises of about 4 rob per 3h were observed,
respectively east and west of the surface
low, which had been moving eastward across
southern Canada (Figure 3). Relatively
small advection solenoids in Figures 1 and
2 correspond to areas of strongest pres­
sure tendency in Figure 3.

By inspection it is found the shaded vor­
ticity advection solenoid in Figure 1 con­
tains about 3.5 unit solenoids. The ther­
mal advection solenoid shaded in Figure 2
contains about 2.0 unit solenoids. In or­
der to translate these solenoid numbers
into values of vertical motion and sea­
level pressure tendency, it is necessary
to consult the coefficient nomograms for
the unit advection solenoids (Figures
4-7), which were determined for a latitude
of 40· and a disturbance depth 16 Po) of
900 mb. For a particular value of stabil­
ity (5), latitude and atmospheric depth,

3. APPLICATION OF THE MODEL LR (km) X 10 3
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Figure 4. Nomogram of the vorticity
vection coefficient lCl; units b
for the vertical motion (- 7) at
latitude.
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Figure 3. Observed 3 hr sea-level pres­
sure tendency 1900-1200 GMT, 10 November
1981 (solid lines labelled in mb (3h)-1;
surface fronts added). The arrowhead east
of the surface low has the same meaning as
in Figures 1 and 2.
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sea-level pressure
at 40° latitude.

500 mb stat ic stability (5), an expedient
choice of the characteristic length scale
(L R) is that of the measured wavelength
which is typically about 3500 km.

AS an example, let us suppose that L =
LR 3500km for the wave over southern
Canada. From Figures 4 and 5 the values
of Cl and C2 are obtained after cor­
recting for the latitude difference be­
tween 50° and the reference latitude (40°)
from Figure 9. These constants have the
values 6.3)J b s-l and 7.2).1 b s-l, re­
spectively. Let us consider one location,
that corresponding to the tip of the ar­
rowhead pointing toward the shaded sole­
noidal areas of Figures 1 and 2 where the
solenoid numbers for vorticity and thermal
advections (nl and n2, respectively)
are approximately 3.5 and 2.0. The verti­
cal motion (- w 7) there is found to be
5 .5 .-U b s-l from Equation (Ba) . This
value somewhat exceeds the LFM predicted
ascent of 2.0)J b s-l for 1200 GMT 10 No­
vember 19B1.

Similarly, at this same location, CI I

and C2' are found to be 5.7 mb (3h)-1
and 4.7 mb (3h)-1, respectively, from
Figures 6 and 7 when corrected to 50° lat­
itude using the values provided in Figure
9. At the location of the arrowhead in
Figures 1 and 2, the sea-level pressure
tendency from Equation (Bb) is found to be
3.7 mb (3h- l ), which is close to the re­
por ted value of 4 mb (3h- l ) a t the cor­
responding location in Figure 3.

I t has been our exper ience that th is ap­
proach for determining patterns of verti­
cal motion and sea-level pressure tendency
is satisfactory in the absence of strong
terrain effects, although the der ived
quantities are likely to be underestimated
in regions of large-scale condensation.

To further illustrate the ability of the
model for determining reasonable and use­
ful patterns with relatively little effort
expended at computation, we have analyzed
the pressure tendency field over a portion
of southern Canada for 1200 GMT 10 Novem­
ber. To facilitate the analyses we chose
a single value of Cl' C2' 5.0 mb
(3h)-1. The solenoid numbers were esti­
mated by eye and recorded at the center of
each solenoid. The solenoid number was
considered to be infinity where no sole­
noids occurred. The sea-level pressure
tendency pattern was determined by a sim­
ple and rapid graphical addition of the
inverse solenoids numbers for vorticity
and thermal advections. The sum of the
two terms in Equation (Bb) yielded the
sea-level pressure tendency pattern shown
in Figure 10. The isallobaric maximum
west of the sur face low in Figure 10 was
located somewhat farther south than that
of the observed maximum in Figure 3, but
the overall shape and strength of the de­
rived pressure change pattern closely re­
sembles those of the observed pattern.
our experience has shown that choosing ap­
proximate values of about 5.0 mb (3h)-1
for the constants Cl ' and C2 ' and 4.0
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4. THEORETICAL CONSIDERATIONS

The values of the coefficients in Figures
4 through 7 represent a measure of the ef-

t/1i". '. :,:
/ lDlAGNOSIS FOR _~.

1200 GMT
10 NOV 1981
3h PRESSURE
CHANGE (mbl

Classical baroclinic instability theory
suggests that the most efficient wave­
length for cyclone growth is close to
LR' which diminishes in magnitude with
decreasing stability for a given latitude
and disturbance depth (Figure 8). For
large values of La (large stability) and
small wavelengths the thickness advection
term becomes relatively insignificant,
whereas for small values of La and L,
the thickness advection dominates.

ficiency with which the vorticity or ther­
mal advections are translated into verti­
cal motions or sea-level pressure tenden­
cy. For a given advection solenoid, the
long waves are generally more efficient in
forcing the sea-level pressure tendency
(Figures 6 and 7) although the situation
is ambiguous with regard to the ver tical
motions because of the opposite var iation
in C1 and Cz with respect to L.

The forcing is more efficient for lower
stability (smaller LR) which is to say
that when a cyclone encounters a region of
diminished static stability, the propensi­
ty for it to develop becomes enhanced.
Examples of cyclone intensification in the
presence of reduced static stability
abound in the literature. With reduced
static stability, however, the preferred
growth rate of disturbances occurs at
shor ter wavelengths so that a disturbance
encounter ing a region of lower sta tic sta­
bility might begin to form a shorter wave
within a longer one. In a relatively sta­
ble atmosphere the short waves are quite
inefficient in producing sea-level pres­
sure changes, as can be seen in Figures 6
and 7.

Figure 10. Diagnosed 3-h sea-level pres­
sure tendency map (mb (3h)-l) for lZOO
GMT, 10 November 1981, using Equation 8b
and Figures 1 and Z.
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Figure 8. Relationship between LR and
the stability s for different latitudes.

Figure 9. Latitude correction factor for
the coefficients in Figures 4-7. The cor­
rect value of the coefficient can be ob­
tained by multiplying the numbers in this
figure by the value of the coefficients at
40· obtained from Figures 4-7.

~ s-l for Cl and Cz yields reason­
able patterns of sea-level pressure ten­
dency and vertical motion in a variety of
situations where terrain influences are
negligible. It is perhaps fortuitous that
the coefficients Cl and Cz (or Cl '
and CZ·) are generally about equal since
this implies vorticity advection and ther­
mal advection solenoids contribute approx­
imately identical forcing to the sea-level
pressure tendency or vertical motion.
Thermal advections, however, appear to be
broader and less sharply focused than vor­
ticity advections.
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The efficiency of the forcing also in­
creases with increasing latitude until
about 55°, beyond which changes in lati­
tude become unimportant (Figure 9). In
regard to sea-level pressure changes, the
latitude effect would seem to exert a more
profound influence in the vorticity coef­
ficient (Cl') than on the thermal coef­
ficient (C2 I ), as can be seen from in­
spection of Equations (6a) and 16b). At­
mospheric depth also influences efficiency
because all coefficients vary directly
with A Po Z. Hence, choice of a shal­
lower atmosphere than the 900 mb used in
developing the figures would yield coef­
ficients which are smaller than the values
drawn in Figures 6 and 7.

Classical baroclinic instability theory
indicates that there is a low wavelength
cut-off below which cyclone development
cannot occur. In the present model
(Equations 6a and 6b), the coefficients
C1 ' and C2 I vanish as L approaches
zero. At large wavelengths I however, the
coefficients for sea-level pressure ten­
dency (F igures 6 and 7) increase bound­
lessly although CZ' approaches a con­
stant value at large L. However, long
wavelengths tend to be associated with
small advection, partly because the cen­
ters of maximum and minimum vorticities or
thicknesses are separated by large dis­
tances.

5. SUMMARY AND CONCLUSIONS

A method is presented whereby the 700 mb
vertical motions and sea-level pressure
tendencies can be diagnosed from inspec­
tion of analyses of 500 mb height and ab­
solute vorticity and the sea-level isobars
and 1000-500 mb thicknesses. The method
for translating patterns of advections
from the analyses to vertical motions and
sea-level pressure changes is based on a
highly simplified solution of the omega
and vorticity equations. Both the verti­
cal motion, and sea-level pressure tenden­
cies are determined as the algebraic sum
of two geostrophic advections, the 500 mb
absolute vorticity advection and the 1000­
500 mb thickness advection, each of which
is multiplied by coefficients which are
dependent primar i1y on wavelength, static
stability and latitude.

The geostrophic advections can be assessed
quanti tatively by compar ing the areas of
advection solenoids, formed by the inter­
section of adjacent height and vorticity
(or thickness) contours, with a unit ad­
vection solenoid. The inverse solenoid
number I which is the ratio of the unit
solenoid area to the observed solenoidal
area, is multiplied by its appropriate

Vo.fum~ 7 Numbl/A 4

coefficient for both the vorticity and
thermal advections and summed to yield the
vertical motion or sea-level pressure ten­
dency. Nomograms showing the relationship
be tween the values of the coef ficien ts and
wavelength, latitude and stability are
pr ovided in th is paper.

The method can yield reasonable patterns
of vertical motion and sea-level pressure
tendency in the absence of strong t.Hrain
effects. Isopleths of the ,nverse sole­
noid number can cc analyzed rapidly and
used to generate by graphical addition the
vertical motion and sea-level pressure
tendency, using available LFM products.
Moreover, the vertical motion can be as­
sessed from initial LFM analyses where no
vertical motions are currently provided.

In a qualitative sense, the method makes
it clear that surface cyclones and anticy­
clones will tend to migrate in the direc­
tion of the smallest advection solenoids
and will intensify (or weaken) when posi­
tive (negative) solenoids exist over the
center of the low or high or where there
is a predominance of positive (negative)
advection solenoids over the feature as a
whole. The intensity of the derived pat­
terns will be greater in regions of low
static stability such as over warm ocean,
currents, over the Great Plains in spring
or ear ly summer, and in regions exper ienc­
ing large-scale moist ascent. Cyclone de­
velopment will also be more rapid at high­
er latitudes.
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